Abstract. We obtain the differential equation and recurrence relations satisfied by the Laguerre functions l ν m on an arbitrary symmetric cone Ω.
Introduction
It is well known that the classical Laguerre polynomials L As in [2] , we refer to the differential operators on the left of (1.4) and (1.5) as the annihilation and creation operators, respectively. By (1.4) and (1.5), (1.6) 2x dl It is also well known that the definitions (1.1) and (1.2) of the Laguerre polynomials and Laguerre functions have been generalized to symmetric cones (see (2.8) and (2.9) below). [12] discusses the differential equations satisfied by the Laguerre polynomials and Laguerre functions on the symmetric cones of positive definite matrices over C and R. Using an approach of Lie group representations, [4] generalizes (1.6) to an arbitrary symmetric cone. Using computations of matrices, [2] generalizes (1.3) -(1.5) to the cones of positive definite matrices over C, or positive definite Hermitian matrices.
Using the method of Jordan algebras, we generalize in this paper all relations (1.3) -(1.7) to all symmetric cones, which include the cones of positive definite matrices over R, C, H, the Lorentz cones, and the exceptional cone of 3 × 3 positive definite matrices over the Cayley algebra. Hence, this paper is a generalization of [2] and [12] to a general setting. Moreover, our method is simpler, and uses much less notation than in [4] and [2] . Finally, we also obtain the recurrence relations involving the first-order differential annihilation and creation operators (see Theorem 4.5 below). As [13] indicated, our method for symmetric cones cannot be used for Laguerre polynomials with general multiplicities d. Such a more general case will be studied in the next paper.
This paper is organized into four sections, as follows. In Section 2, we review the definitions and structures of Jordan algebras and symmetric cones, and the definition of Laguerre functions on these cones. In Section 3, we define the gradient of a C-valued function as well as a V-valued function f on a Euclidean Jordan algebra V . We review some recurrence formulas for spherical polynomials Φ m . We also obtain some gradient formulas for some functions. In Section 4, we obtain our main results of this paper, the differential equations and recursion formulas for Laguerre functions on symmetric cones.
Laguerre functions on symmetric cones
In this section, we review the structure of Jordan algebras and symmetric cones, and the definition of Laguerre functions on these cones, that are needed in this paper. We refer to [7] for details.
Let V be a simple Euclidean Jordan algebra, denote by n its dimension as a real vector space, denote its rank by r, and let e be the identity element in V . The interior Ω of the subset of all elements x 2 where x ∈ V is an irreducible symmetric cone. Any irreducible symmetric cone is isomorphic to a cone of this kind, and any symmetric cone is the direct product of irreducible symmetric cones. where ·|· is the inner product in V . The characteristic function ψ of Ω is defined by
for all x ∈ Ω, and the Koecher norm function ∆ is given by
where c is a constant determined by the normalization ∆(e) = 1. If ∆(x) = 0, then x is invertible, and there is a V -valued polynomial Q of degree r − 1 such that
. Let G be the connected component of the identity in the automorphism group G(Ω). Then G acts transitively on Ω, and Ω ∼ = G/K where K is the stability group of the identity element e in Ω; i.e., K consists of all k ∈ G such that k · e = e. For any x ∈ V , there is k ∈ K and ξ 1 , . . . , ξ r ∈ R such that
We refer to (2.2) as the polar decomposition of x. When x is written in the form (2.2),
Denote by P j the orthogonal projection of V onto the subalgebra J j , and define
for x ∈ V , where δ j denotes the Koecher norm function for J j . Then ∆ j is a polynomial on V that is homogeneous of degree j. Let λ = (λ 1 , . . . , λ r ) ∈ C r , and define the function ∆ λ on V by
In particular, when λ j = m j are integers for all j = 1, . . . , r and (2.5) 
It follows that Φ m is a K-invariant homogeneous polynomial of degree |m|. By analytic continuation to the complexification V C of V , tr, ∆, and Φ m can be extended to polynomial functions on V C . The gamma function Γ Ω for the cone Ω is defined on C r by (2.6)
whenever the integral converges absolutely. By [7, VII.1.1], in the range
of the variable λ, the integral (2.6) converges absolutely, and Γ Ω is evaluated in terms of the classical gamma function as
For λ ∈ C r and m any partition we define
For α ∈ C and nonnegative integer j the classical Pochhammer symbol (α) j is defined by
It follows from (2.7) that
The function Φ m (e + x) is a K-invariant polynomial of degree |m|, and hence has an expansion
where m n is the generalized binomial coefficients. For ν ∈ R, the generalized Laguerre polynomials are defined by
and the generalized Laguerre functions by
where (z + ie) −1 is the inverse of z + ie in V C . In this paper, we assume condition (2.10), which is also the assumption in [2] , [4], and [12] . In the classical case, (2.10) becomes α > −1, as discussed in the Introduction.
By 
3. The gradient of a function on V and the recurrence relations for Φ m
In this section, we define the gradient for a C-valued and a V-valued function f on a simple Euclidean Jordan algebra V , and obtain some gradient results for some functions. We also review some recurrence formulas for the spherical polynomials Φ m .
Let f : V → R be a differentiable function; i.e., all directional derivatives D u , u ∈ V , exist. For s ∈ V , we define the gradient f (s) ∈ V of f by the formula
It is easy to see that (3.2) is independent of the choice of an orthonormal basis {e 1 , . . . , e n } of V so that (3.2) is an equivalent definition of f (s). Moreover, a function f : V → V may be expressed by
under an orthonormal basis {e 1 , . . . , e n } of V . Define f by
It is also easy to see that the right side of (3.4) is independent of the choice of an orthonormal basis {e 1 , . . . , e n }, and f (s) is well defined. Alternatively, one may define f (s) as n α,β=1 ∂f α (s) ∂s β e α ⊗e β in the tensor product V ⊗V . However, we use (3.4) to keep f (s) ∈ V , a simpler space. By a simple computation, the product rule of differentiation (3.5) tr
( (f (s) • g(s))) = tr(( f (s)) • g(s)) + tr(f (s) • g(s))
holds for V -valued functions f and g, where V is a Euclidean Jordan algebra. When f is a C-valued function, and the product is the scalar product, (3.5) also holds. By (3.2) and (3.4), if f is a C-valued function on V , then
Lemma 3.1.
Proof. By (3.4)
Since 
Lemma 3.2. For ν ∈ R, and an invertible element
Hence, the lemma is proved for s ∈ V . By analytic continuation, the lemma also holds for s ∈ V C . Proof. By (3.5), (3.6), and (3.9),
Lemma 3.3. For ν ∈ R, and an invertible element
which is (3.10). (3.11) follows from (3.10), (3.2), (3.4), and the fact that e is the identity element of V .
Let m = (m 1 , . . . , m r ) be a partition. Define
and
. . , m r ) whenever they do not violate condition (2.5) [14] . [10] computed the binomial coefficient
We adopt the notation
The following recurrence formulas for the spherical polynomials Φ m , some of which involve the gradient, can be found in [11] . 
Proof. By (3.5), (3.10) , and the fact that every s ∈ Ω is invertible, 
and w as the gradient with respect to w. By (4.5), (3.1), and a simple calculation,
By (4.3), (4.7), and (3.14) -(3.16), we have
and (4.10)
By (4.8) -(4.10), and the fact that L ν is a linear isomorphism from L Proof. The theorem follows directly from (4.1), (4.11), (4.16), and a simple computation.
Similarly, it follows from (4.1) and (4.11) that 
